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Abstract— We propose a simple model that integrates two-
period electricity markets, uncertainty in renewable generation,
and real-time dynamic demand response. A load-serving entity
decides its day-ahead procurement to optimize expected social
welfare a day before energy delivery. At delivery time when
renewable generation is realized, it sets prices to manage de-
mand and purchase additional power on the real-time market,
if necessary, to balance supply and demand. We derive the
optimal day-ahead decision, propose real-time demand response
algorithm, and study the effect of volume and variability of
renewable generation on these optimal decisions and on social
welfare.

I. INTRODUCTION

Future Smart Grid involves changes in both the demand

side and supply side. On the supply side, more renewable

energy will be integrated to reduce greenhouse gas emissions

and other pollution. On the demand side, smarter demand

management systems will be available to respond to the

electricity price and improve the efficiency of consumption.

One of the key challenges in integrating renewable ener-

gies such as wind and solar is their uncertainty. Furthermore,

there is also randomness in user demand. Despite the uncer-

tainties, the supply and demand need to be matched at any

time due to the high cost of energy storage.

On the supply side, the current mechanism for matching

the demand is to have multiple periods of energy procure-

ment: day-ahead, hour-ahead, and minutes-ahead, etc. When

the delivery time approaches, one has better estimations of

the supply and demand (i.e., the uncertainties decrease), but

the cost of energy supply increases [8]. For simplicity, in

this paper we assume two-period procurement: day-ahead

and real-time. Specifically, an amount of energy generation

is scheduled one day ahead for each time period in the next

day, based on estimations of the renewable-energy supply

and user demand at that time. Then, in real time, based on

the actual demand and the available renewable energy, an

amount of balancing energy is procured to meet the demand.

On the other hand, demand responses of the users will play

an increasingly important role in matching the supply. Smart

appliances and demand management systems will enable

users to reduce their demand when the energy is expensive to

produce (e.g, during peak hours) or shift the demand to other

times when the supply is abundant (e.g., when the renewable

energy generation is high). This is particularly useful for

appliances whose demand is elastic, such as electric vehicles,

air conditioners, dish washers, etc.
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In this paper, we propose a simple model that integrates

two-period electricity markets, uncertainty in renewable gen-

eration, and real-time dynamic demand response. To maxi-

mize the social welfare, we derive the optimal day-ahead

decision by the load-serving entity, and propose real-time

demand response algorithm for the users. Furthermore, we

study the effect of the volume and variability of renewable

generation on these optimal decisions and on social welfare.

A. Related works

Although there is a large literature on demand response,

there are relatively few works that study demand response

with uncertain supply of renewable energy and uncertain

demand, and consider the cost/utility structures of both

the supply side and demand side in an integrated way.

For example, a group of works deal with modeling and

controlling specific appliances. [4] and [5] consider the

electricity load control with thermal mass in buildings; [6]

considers the effect of charging electric vehicles on the power

distribution grid. These works focus on the demand side tech-

nologies. Another group of works consider scheduling and

coordination of different appliances in households through

mathematical programming, either to balance the electricity

bill and waiting time [7], or maximize the social welfare [3].

The approach in [7] is based on price prediction, without

considering how the price is decided. In [3], the electricity

generation cost is abstracted into a simple convex function.

Also, none of the above papers consider the incorporation

of renewable energy on the supply side, randomness on

the demand side, and their effects on demand response

algorithms and the resulting social welfare.

Reference [8] considered optimal multi-period energy pro-

curement in the presence of wind energy, and also described a

demand response scheme based on “interruptible power con-

tracts”. This is different from the demand response schemes

considered here where users react to the cost signals from

the load-serving entity. Reference [9] considered the problem

of choosing electricity prices to maximize the profit of the

system operator, in the presence of renewable energy and

demand response. Our objective in this paper is to maximize

social welfare.

The rest of the paper is organized as follows. Section II

describes the model. In Section III and IV, we design decen-

tralized energy procurement and demand response algorithms

with uncertainties in the renewable energy and demand. We

start with the simpler case without time correlation (Section

III) and then the case with time correlation (Section IV).

Section V studies how the statistics of renewable energy



affects the social welfare. Numerical results are provided in

Section VI, and concluding remarks are made in Section VII.

II. MODEL

Our model tries to capture three different aspects of

the power system. First, the load-serving entity (or LSE)

procures power in two wholesale markets, the day-ahead

market and real-time balancing market. It has to decide how

much power to procure for each of the consumption periods

(15, 30, or 60 mins in length) in the day-ahead market in

advance of the consumption (e.g., by noon of the previous

day), in the presence of uncertainty in supply and demand.

When the random supply and demand are realized at (right

before) delivery time, the LSE has to procure power in

the real-time market to balance supply and demand, likely

at a higher price. Second, the chief uncertainty in supply

comes from renewable generation such as wind and solar,

i.e., we ignore contingency events such as generator or line

outages. Third, not only is the load uncertain, it will also

be actively managed through demand response in real time.

In this paper, we propose a simple model and an approach

to demand response that integrates these three aspects. We

assume that the LSE is regulated such that her objective is not

to maximize her revenue by selling electricity. Instead, she

cooperates with the users to maximize the social welfare (i.e.,

the total user utility minus the cost of providing electricity.)

Supply model:

Our model only includes the day-ahead energy market

and the real-time balancing energy market; it does not cover

ancillary services such as regulation and reserves. We model

separately renewable power generation, such as wind and

solar, because they are non-dispatchable. Specifically, con-

sider a LSE, N users and T time periods t = 0,1, . . . ,T −1.

For example, these T time periods may span a day, and

each period t can last 15, 30, or 60 mins, representing the

time resolution for control (dispatch or demand response).

We assume the utility can procure three types of power for

delivery in each period:

• Pd(t): a nonnegative control variable representing the

day-ahead dispatchable power scheduled (or reserved)

for period t. Scheduling Pd(t) incurs a cost of

cd(Pd(t); t). Depending on the actual demand in period

t, Po(t)≤ Pd(t) is consumed, which incurs an additional

operation cost co(Po(t); t).
• Pr(t): a nonnegative random variable representing the

non-dispatchable renewable power that is realized at the

beginning of period t. It incurs a cost of cr(Pr(t); t).
• Pb(t): a nonnegative quantity representing the power the

utility will buy in the real-time market to balance supply

and demand for period t. It incurs a cost of cb(Pb(t); t).
1

Assume that cd(·; t),co(·; t),cb(·; t) and cr(·; t) are increas-

ing and convex, and satisfy cd(0; t) = co(0; t) = cb(0; t) =
cr(0; t) = 0. It is desirable to use as much renewable power

as possible; for notational simplicity only, we will assume

cr(P; t) = 0 for all P ≥ 0 and all t.

1In practice, the LSE may also procure regulation for power balance.

User model:

Without loss of generality, we assume each user i has one

appliance (e.g., an electric vehicle)2. During the day, user i

uses the appliance (denoted by δi = 1) with probability πi,

independent of the renewable generation Pr. In period t, user

i obtains a utility of ui(xi(t); t) from the consumption of xi(t)
amount of power. Hence the random demand from user i at

t is xi(t)δi where δi is a random variable taking value 1 with

probability πi and 0 with probability 1−πi. The aggregate

demand at time t is D(t) := ∑i xi(t)δi. User i’s consumption

requirements (or constraints) are

xi(t) ≤ xi(t) ≤ xi(t), (1)

∑T−1
t=0 xi(t) ≥ xi,total . (2)

For instance, if user i’s electric vehicle must be charged in a

subset of time periods Si (e.g., 7pm to 7am), then xi(τ) =
xi(τ) = 0 for τ 6∈Si. (We also write δi(t) := δiI(t ∈Si). Then

D(t) = ∑i xi(t)δi(t).) This model is quite general and can be

used for electric vehicles, dish washers, clothes washers, etc.

Other reference, such as [3], model the utility functions and

consumption constraints of other types of appliances, such as

air-conditioners, lightings, and entertainment systems. Note

that our framework can easily accommodate constraints other

than (1) and (2), such as those in [3].

An alternative model of the user utility is as follows. Let

yi(t), t = 0,1, . . . ,T −1 be the target consumption of user i in

time period t (which have aggregated the target consumptions

of all his appliances). Let his total utility function be

∑
t

ui(xi(t); t) = −∑
t

[xi(t)− yi(t)]
2 (3)

which measures how much his actual consumptions differ

from the target. (More changes or shifts of his demand leads

to a lower value of the utility function.) This model can be

viewed as a special case of the previous model by defining

ui(xi(t), t) = −(xi(t)− yi(t))
2 and δi = 1 for all i.

System model:

The system operates as follows. By a certain time (say,

noon) of the day before delivery, the LSE decides the amount

Pd := (Pd(t), t = 0, . . . ,T − 1) of power to purchase on the

day-ahead market for each period t in the following day.

At this decision time, the information available to the LSE

is the probability distribution of renewable production Pr :=
(Pr(t), t = 0, . . . ,T −1) in the next day; and the information

available to the users includes the utility functions ui and the

distribution of δi. By time t−, we assume that the renewable-

energy generation Pr(t) and the random variables δi(t) have

been realized, and the users have decided their demands

xi(t),∀i. (Throughout the paper, user i’s decisions xi(t) are

made by his automated demand management system on his

behalf.) With the aggregate demand ∑i∈I(t) xi(t), where I(t)
is the set of users i with δi(t) = 1, the LSE will purchase

Pb(t) = [∑i∈I(t) xi(t)−Pr(t)−Pd(t)]+ on the real-time market

to balance supply and demand.

2Alternatively, we can also use i to index appliances, which does not
affect our results.



Given the demand vector x(t) := (xi(t),∀i), denote by

∆(x(t)) := ∑i xi(t)δi(t)−Pr(t) the excess demand, in excess

of the random renewable generation Pr(t). Then the total cost

of the utility for each period t of the next day is a random

variable given by

c(x(t),Pd(t);δ (t),Pr(t), t) :=














cd(Pd(t); t) if ∆(x(t)) ≤ 0

cd(Pd(t); t)+ co(∆(x(t)); t) if 0 < ∆(x(t)) ≤ Pd(t)
cd(Pd(t); t)+ co(Pd(t); t)+

cb(∆(x(t))−Pd(t); t) if Pd(t) < ∆(x(t))

(4)

where δ (t) denotes the vector (δi(t),∀i). Equivalently,

c(x(t),Pd(t);δ (t),Pr(t), t) = cd(Pd(t); t)+

co((∆(x(t)))
Pd(t)
0 ; t)+ cb((∆(x(t))−Pd(t))+; t)(5)

where (z)b
a := min{max{z,a},b}; (z)+ := z if z ≥ 0

and 0 if z < 0. For convenience, we will write

c(x(t),Pd(t);δ (t),Pr(t), t) as c(x(t),Pd(t); t). The social wel-

fare for the next day is defined as

Wtotal(x,Pd) =
T−1

∑
t=0

{∑
i

[δi(t)ui(xi(t); t)]− c(x(t),Pd(t); t)} (6)

In this paper, we investigate the optimal energy procure-

ment and demand response schemes of the LSE and the

users. Note that the cost structure of the LSE and the utility

structure of the users are both private. So the ideal schemes

should only rely on limited information exchange without

requiring the users know the cost functions of the LSE, and

vice versa.

III. THE CASE WITHOUT TIME CORRELATION

To gain some intuition, we first consider the simpler

case without the time-correlation constraint (2). Therefore,

maximizing the expected social welfare of the day E[Wtotal ]
reduces to maximizing the expected social welfare for each

time period. Denote the social welfare in period t by

W (x(t),Pd(t);δ (t),Pr(t), t)

:= ∑
i

[δi(t)ui(xi(t); t)]− c(x(t),Pd(t); t). (7)

For convenience, we will drop the notation t, and sim-

ply write W (x(t),Pd(t);δ (t),Pr(t), t) as W (x,Pd ;δ ,Pr) or

W (x,Pd). We will make the following assumptions through-

out the paper:

A0: First, all utility functions ui are concave and satisfies

|u′i(xi(t); t)| < V < ∞,∀xi(t) ∈ [xi(t), x̄i(t)],∀t; the cost

functions cd(·), co(·), and cb(·) are convex and increas-

ing with cd(0) = co(0) = cb(0) = 0. Second, c′b(0) >
c′o(P),∀P ≥ 0. That is, the marginal cost of real-time

energy is strictly more than the marginal operation cost

of day-ahead energy. Finally, assume that there exists

Pmax ≥ ∑i x̄i such that c′d(Pmax),c
′
o(Pmax),c

′
b(Pmax) <

B < ∞. This implies that one can support the maximal

possible demand ∑i x̄i using only day-ahead energy or

real-time energy with finite marginal cost.

A. Day-ahead pricing/planning

One possible scheme is as follows. One day ahead, the

LSE sets the prices to be imposed on the users for each

time period of the next day, and also decides the quantities

Pd(t). According to the prices, each user i optimizes his

energy consumption in the event that he intends to use the

appliance. Under this scheme, the prices are determined one

day in advance and are therefore predictable to the users. So,

user i’s demand xi(t), in the event that he is active, is also

predictable (but note that xi(t)’s are generally different for

different period t’s). Therefore, we can view xi(t) as being

determined one day in advance. However, his actual demand

xi(t)δi(t) is random due to the randomness of δi(t). The

renewable energy Pr(t)’s are also random.

We would like to design an energy procurement and

demand response scheme to find x and Pd (for each time

period t) that solve the following problem:

max
x,Pd

EW (x,Pd)

subject to xi ≤ xi ≤ xi and Pd ≥ 0

where EW (x,Pd) is the expectation of W (x,Pd ;δ ,Pr), taken

over the distribution of δ and Pr. Later, the prices charged

by the LSE will naturally appear from this formulation.

First, we have the following property.

Proposition 1: EW (x,Pd) is concave in (x,Pd).
Proof: Given Pd ,x,δ , and Pr, consider the following

convex optimization problem:

F(x,Pb) := minyo,yb
co(yo)+ cb(yb)

s.t. 0 ≤ yo ≤ Pb,yb ≥ 0,

Pr + yo + yb ≥ ∑
i

δixi, (8)

where yo is the amount of energy in Pd that is used, and

yb is the amount of balancing energy. By assumption A0,

c′b(0) > c′o(P),∀P ≥ 0. So, in the optimal solution, one

uses the reserved day-ahead energy before resorting to the

real-time balancing energy. Therefore the optimal solution

is that y∗o = (∑i δixi − Pr)
Pd
0 and y∗b = (∑i δixi − Pr − Pd)+.

Consequently,

F(x,Pb)+ cd(Pd) = co(y
∗
o)+ cb(y

∗
b)+ cd(Pd) = c(x,Pd). (9)

Note that x and Pb appear in the constraints of (8) and

all constraints are linear inequalities, so F(x,Pb) is convex

in (x,Pb) [10]. By (9), c(x,Pd) is convex in (x,Pd). So

W (x,Pd) = ∑i δiui(xi)− c(x,Pd) is concave in (x,Pd). Since

this holds for any δ and Pr, E(W (x,Pd)) is also concave in

(x,Pd).
We have

∂c

∂Pd

(x,Pd ;δ ,Pr) = c′d(Pd)+

I(∆(x) ≥ Pd) · [c′o(Pd)− c′b((∆(x)−Pd)+)] (10)

∂c

∂xi

(x,Pd ;δ ,Pr) = δi[I(0 ≤ ∆(x) < Pd)c
′
o(∆(x))+

I(∆(x) ≥ Pd)c
′
b((∆(x)−Pd)+)]. (11)



So,

∂EW

∂Pd

(x,Pd) = −E[
∂c

∂Pd

(x,Pd ;δ ,Pr)] (12)

∂EW

∂xi

(x,Pd) = u′i(xi)πi −E[
∂c

∂xi

(x,Pd ;δ ,Pr)] (13)

Strictly speaking, generally ∂EW
∂Pd

(x,Pd) is not continuous

at the point Pd = ∆(x), and ∂EW
∂xi

(x,Pd) is not continuous

at the points ∆(x) = 0 and ∆(x) = Pd . However, the above

expressions are still subgradients [10], and do not affect our

results.

We design the following algorithm to find the optimal day-

ahead decisions P∗
d and x∗. We assume that the automated

demand management system of user i has knowledge of the

distribution of δi, and the LSE knows the distribution of Pr.

The algorithm is run one day ahead by simulating the system

according to the distributions.

Algorithm 1: day-ahead planning

Initially, user i chooses x0
i ∈ [xi, x̄i], and the LSE chooses

P0
d ∈ [0,Pmax].

In iteration m+1 = 1,2, . . . , do the following.

1) Each user i generates a sample δ m
i , and the LSE

generates a sample Pm
r .

2) Active users (i.e., those with δ m
i = 1) report xm to

the LSE through a communication network. The LSE

then computes p̂m = p̂(∆(xm),Pm
d ) and reports p̂m to

all active users, where

p̂(∆(xm),Pm
d ) := I(0 ≤ ∆(xm) < Pm

d ) · c′o(∆(xm))

+I(∆(xm) ≥ Pm
d ) · c′b((∆(xm)−Pm

d )+) (14)

with

∆(xm) = ∑
i

(δ m
i xm

i )−Pm
r .

The LSE also updates Pm+1
d :

Pm+1
d = {Pm

d −αm ∂c

∂Pd

(xm,Pm
d ;δ m,Pm

r )}Pmax
0

3) User i updates xm+1
i :

xm+1
i =

(

xm
i +αmδ m

i · [u′i(xm
i )− p̂m]

)x̄i

xi

where αm > 0 is the step size.

Note that Algorithm 1 is a stochastic gradient pro-

jection algorithm [11], [12] since E{δi · [u′i(xm
i )− p̂m]} =

∂EW
∂xi

(xm,Pm
d ), and −E[ ∂c

∂Pd
(xm,Pm

d ;δ m,Pm
r )] = ∂EW

∂Pd
(xm,Pm

d ).
Proposition 2: Let B be the set of optimal solu-

tions (x∗,P∗
d ) to the welfare-maximization problem (8).

Note that B is a convex set. If the step sizes satisfy

∑m αm = ∞ and ∑m(αm)2 < ∞ (for example, if αm =
1/(m + 1)), then (xm

i ,Pm
d ) converges to the set B (i.e.,

limm→∞ miny∈B ||(xm,Pm
d )T − y||2 = 0) w.p. 1. By the con-

tinuity of W (x,Pd), we have E[W (xm,Pm
d )] → E[W (x∗,P∗

d )]
w.p. 1.

Proof: Algorithm 1 is a stochastic gradient projection

algorithm. Note that all the increments − ∂c
∂Pd

(xm,Pm
d ;δ m,Pm

r )

and δ m
i · [u′i(xm

i )− p̂m] are bounded. To see this, note that

xm
i ∈ [xi, x̄i] is bounded. So ∆(xm) ≤ Pmax. Using this fact

together with Assumption A0, we know that (10) and (11)

are bounded. By Theorem 3.1 in [12] (with ||(xm
i ,Pm

d )T −
(x∗,P∗

d )T ||22 as the Lyapunov function, where (x∗,P∗
d ) is any

optimal solution), (xm
i ,Pm

d ) converges to the set B w.p. 1.

Remark: At an optimum point (x∗,P∗
d ), if we ignore the

constraint xi ∈ [xi, x̄i] for easy exposition, then E{δi · [u′i(x∗i )−
p̂∗]} = πiu

′
i(x

∗
i ) − E(δi p̂

∗) = 0, where p̂∗ := p̂(∆(x∗),P∗
d ).

That is, u′i(x
∗
i ) = E(δi p̂

∗)/πi. Therefore, if user i is charged

a price of p̄i := E(δi p̂
∗)/πi, then he will choose to consume

x∗i . In other words, in Algorithm 1 user i implicitly takes

the price p̄i. Note that p̄i is the expected marginal cost of

user i’s consumption, conditioned on the event that he is

active. (It can be estimated in Algorithm 1 as
∑M

m=1(δ m
i p̂m)

∑M
m=1 δ m

i

with a large M, which is basically the average price user i

sees. ) Interestingly, unlike the case without randomness in

demand [3], the price p̄i is generally different for different

users. (However, when the system is large, we conjecture

that E(δi p̂
∗)/πi ≈ E(p̂∗).)

B. Real-time demand response

Now we consider another scheme where the price and user

demand are determined in real time based on the realization

of δ and Pr (instead of the statistics of δ and Pr in the

previous scheme). Note that Pd still needs to be chosen one

day in advance, based on the statistics of δ and Pr. Again,

we focus on one time period t.

The real-time consumption decisions x(t) := (xi(t), i =
1, . . . ,N) are made at the beginning of each period t.

At time t−, the day-ahead power Pd(t) has been com-

mitted, and the set I(t) := {i | δi(t) = 1} of appli-

ance users and the renewable-energy production Pr(t)
have been realized. So at time t, the real-time social

welfare W (x(t),Pd(t);δ (t),Pr(t), t), or simply written as

W (x,Pd ;δ ,Pr), is no longer random. Our problem is to

determine

(i) the optimal real-time consumption xi(Pd ;δ ,Pr) which

depends on Pd and the realization of δ ,Pr;

(ii) the optimal day-ahead energy Pd that solves

max
Pd≥0

E[W (x(Pd ;δ ,Pr),Pd ;δ ,Pr)]

where the expectation is taken over δ and Pr.

For (i), since Pd has been committed, the cost cd(Pd) has

been given. So, the LSE and the users need to solve

W̃ (Pd ;δ ,Pr) := max
x∈[x,x̄]

{∑
i

(δiui(xi))− co((∑
i

(δixi)−Pr)
Pd
0 )

−cb((∑
i

(δixi)−Pr −Pd)+)} (15)

which is equivalent to

W̃ (Pd ;δ ,Pr) := max
x,yo,yb

{∑
i

(δiui(xi))− co(yo)− cb(yb)}

s.t. xi ≤ xi ≤ x̄i,∀i

0 ≤ yo ≤ Pd ,yb ≥ 0

Pr + yo + yb ≥ ∑
i

(δixi). (16)



Associate dual variables µ1 and µ2 with the last two

constraints. Then a partial Lagrangian is

L (x,yo,yb; µ1,µ2)

= ∑
i

(δiui(xi))− co(yo)− cb(yb)+ µ1(Pd − yo)

+µ2(Pr + yo + yb −∑
i

(δixi)). (17)

So, a primal-dual algorithm to solve problem (16) is as

follows.

Algorithm 2: Given Pd ,δ ,Pr, compute x

Initially, for any active user i (i.e., with δi = 1), let

x0
i ∈ [xi, x̄i]. The LSE lets µ0

1 = µ0
2 = 0, and y0

o = y0
b = 0.

In iteration k +1 = 1,2, . . . , do the following.

1) Each active user i computes xk+1
i , and report it to the

LSE through a communication network:

xk+1
i =

(

xk
i +β k · [u′i(xk

i )−µk
2 ]

)x̄i

xi

where β k > 0 is the step size. That is, the “price” posed

to the users is µk
2 .

2) The LSE computes µk+1
1 ,µk+1

2 ,yk+1
o ,yk+1

b :

µk+1
1 = [µk

1 +β k(yk
o −Pd)]+,

µk+1
2 = [µk

2 +β k(∑
i

(δix
k
i )−Pr − yk

o − yk
b)]+,

yk+1
o = [yk

o +β k(−c′o(y
k
o)−µk

1 + µk
2)]Pmax

0 ,

yk+1
b = [yk

b +β k(−c′b(y
k
b)+ µk

2)]Pmax
0

where B and Pmax are defined in Assumption A0. The

LSE reports µk+1
2 to active users.

With proper step sizes (e.g., β k = 1/(k+1)), Algorithm 2

converges to the set of optimal solutions and dual variables.

Denote by µ∗
1 the value of µk

1 after convergence.

Proposition 3: W̃ (Pd ;δ ,Pr) is concave in Pd . Also,

∂W̃ (Pd ;δ ,Pr)/∂Pd = µ∗
1 (18)

if W̃ (Pd ;δ ,Pr) is differentiable at point Pd .

Proof: Since W̃ (Pd ;δ ,Pr) is the optimal value of the

convex optimization problem (16), it is concave in Pd [10].

To show (18), note that Pd is associated with the dual

variable µ1 only. Then, this result follows from the standard

sensitivity analysis [10] in convex optimization.

For (ii), to decide Pd to maximize social welfare, the LSE

needs to solve (for each t)

max
Pd≥0

{E[W̃ (Pd ;δ ,Pr)]− cd(Pd)},

where W̃ (.) is defined in (15) or (16). The gradient of the

objective function is g(Pd) := E(µ∗
1 )− c

′
d(Pd) (note that µ∗

1

depends on Pd ,Pr,δ ). So, a stochastic subgradient algorithm

that converges to the set of optimal Pd is as follows. Similar

to Algorithm 1, Algorithm 3 can be run one day in advance

by simulating the system (i.e., drawing samples of δ and Pr).

Algorithm 3

1) Initially, let P0
d = 0.

2) In step m + 1 = 1,2, . . . , given a realization of Pr and

δ (denoted by Pm
r and δ m), run Algorithm 2 to find

µ∗
1 , and denote it by µ∗m

1 . Then, compute

Pm+1
d = {Pm

d +αm[µ∗m
1 − c

′
d(P

m
d )]}Pmax

0

where αm = 1/(m+1) is the step size.

Remark: Algorithm 3 is run one day ahead. Step 2) of

Algorithm 3 uses Algorithm 2. So Algorithm 2 is run as

part of Algorithm 3 one day ahead to determine Pd . Note

that Algorithm 2 is also run at time t− after δ (t) and Pr(t)
are realized, to determine the optimal real-time consumption.

IV. THE CASE WITH TIME CORRELATION

Now we consider the case with the time correlation

constraint (2). Other constraints in, for example, [3], can be

treated similarly.

A. Day-ahead pricing/planning

Consider problem (8) with the additional constraint (2).

For all i, we associate a dual variable µi with this constraint,

and obtain the Lagrangian as

L (x,Pd ; µ) = E[W (x,Pd)]+∑
i

µi(∑
t

xi(t)− xi,total).

Then we have the following algorithm similar to Algorithm

1 which converges to the set of optimal solutions.

Algorithm 4

Initially, user i lets x0
i (t) ∈ [xi, x̄i],∀t, and the LSE lets

P0
d (t) ∈ [0,Pmax],∀t.

In iteration m+1 = 1,2, . . . , do the following.

1) Each user i generates a sample δ m
i , and the LSE

generates samples Pm
r (t),∀t.

2) Each active user i (i.e., with δ m
i = 1) communicates

xm
i (t),∀t to the LSE, which then computes p̂m(t) :=

p̂(∆(xm(t),Pm
d (t)) and reports p̂m(t) to all active users,

where p̂(∆(xm(t),Pm
d (t)) is defined in (14). The LSE

updates Pm+1
d (t),∀t:

Pm+1
d (t) = {Pm

d (t)−

αm ∂c

∂Pd

(xm(t),Pm
d (t);δ m(t),Pm

r (t))}Pmax
0 (19)

where αm = 1/(m+1) is the step size.

3) User i updates xm+1
i (t),∀t as

xm+1
i (t) =

(

xm
i (t)+αmδ m

i · [u′i(xm
i (t))− p̂m(t)+ µm

i ]
)x̄i

xi

(20)

and the dual variable as

µm+1
i = {µm

i +αm[xi,total −∑
t

xm
i (t)]}+.

B. Real-time demand response

With time correlations, the optimal real-time demand

response policy is the solution of a dynamic programming

problem, which is hard to obtain analytically. Instead, we

propose a heuristic algorithm.

Algorithm 5



1) Initially, let the remaining demand be x̃i(0) :=
xi,total ,∀i. Using Algorithm 4, determine the day-ahead

energy Pd(t), t = 0,1,2, . . . ,T −1 as the solution of

maxx∈[x,x̄],Pd
E(

T−1

∑
τ=0

W (x(τ),Pd(τ);τ))

s.t.
T−1

∑
τ=0

xi(τ) ≥ xi,total ,∀i.

2) In period t (t = 0,1,2, . . . ,T − 1), {Pr(τ),0 ≤ τ ≤ t}
have been observed by the LSE, and {δi(τ),0 ≤ τ ≤
t} have been realized for user i. So, the conditional

distributions of {Pr(τ),τ > t} and {δi(τ),τ > t} are

known. Also, each active user i knows his remaining

demand x̃i(t). Then similar to Algorithm 4 (but without

updating Pd), the users and the LSE follow an iterative

algorithm to solve

maxx(τ),τ≥t {W (x(t),Pd(t); t)+E(
T−1

∑
τ ′=t+1

W (x(τ ′),

Pd(τ
′);τ ′)|Pr(τ),δi(τ),∀τ ≤ t,∀i)}

s.t. xi(τ) ≤ xi(τ) ≤ x̄i(τ),∀i,τ ≥ t,
T−1

∑
τ=t

xi(τ) ≥ x̃i(t),∀i

The value of xi(t) in the solution is used as the demand

of user i in period t.

Finally, user i sets x̃i(t +1) = x̃i(t)−xi(t). Repeat step

2 after incrementing t.

To further simplify computation, we make the following

approximations. In particular, assume that

E[W (x(τ),Pd(τ);τ)] ≈ ∑
i

πi(τ)ui(xi(τ);τ)−

c(x(τ ′),Pd(τ);π,E(Pr(τ)),τ). (21)

Note that the approximation is made in the cost term, where

we have moved the expectation to the inside of c(.).

Similarly, denote P̄r(τ
′|t) := E(Pr(τ

′)|Pr(τ),δi(τ),∀τ ≤
t,∀i), and δ̄ j(τ

′|t) := E(δ j(τ
′)|Pr(τ),δi(τ),∀τ ≤ t,∀i). If Pr

and δ are independent and δi’s are independent of each

other, then P̄r(τ
′|t) = E(Pr(τ

′)|Pr(τ),∀τ ≤ t) and π j(τ
′|t) =

E(δ j(τ
′)|δ j(τ),∀τ ≤ t). We make the approximation that

E[W (x(τ ′),Pd(τ
′);τ ′)|Pr(τ),δi(τ),∀τ ≤ t,∀i)]

≈ ∑
i

πi(τ
′|t)ui(xi(τ

′);τ ′)−

c(x(τ ′),Pd(τ
′);π(τ ′|t), P̄r(τ

′|t),τ ′). (22)

After these approximations, at each time t Algorithm 5

solves a simpler convex optimization problem.

In the future, we are interested to obtain analytical perfor-

mance bounds of Algorithm 5 compared to the dynamic-

programming solution. However, the simulation results in

Section VI show very good performance of Algorithm 5

(with approximations (21) and (22)).

V. EFFECT OF RENEWABLE ENERGY ON SOCIAL WELFARE

An important element in our model is the uncertain

renewable energy. In the future, the penetration of renewable

energy and its impact are expected to increase. In this

section, we investigate how the statistics of the renewable

energy affects the social welfare in our model. For simplicity,

consider the case without time correlation. So we can focus

on one time period. We will find that similar results hold

in both the day-ahead pricing/planning scheme and the real-

time demand response scheme.

Recall that the cost function (after dropping t) is

c(x,Pd ;δ ,Pr) = cd(Pd)+ co((∆(x))
Pd
0 )+ cb((∆(x)−Pd)+)

(23)

where ∆(x) = ∑i δixi −Pr. Assume that δ and Pr are inde-

pendent. The following can be shown similarly to Prop. 1.

Proposition 4: Given x,Pd and δ , c(x,Pd ;δ ,Pr) is convex

in Pr.

A. Day-ahead pricing/planning

1) Effect of the variance of renewable energy: First we

study how the variance of Pr affects the social welfare

E[W (x,Pd ;δ ,Pr)] = ∑i πiui(xi) − E[c(x,Pd ;δ ,Pr)]. Assume

that the renewable energy is parametrized by a,b > 0 as

follows:

Pr(a,b) := a ·µr +b ·Vr

where µr > 0 is a constant, and Vr is a zero-mean random

variable with E(V 2
r ) = σ2. So E[Pr(a,b)] = a ·µr.

Lemma 1: Given any x,Pd , and a > 0, if b2 > b1 > 0,

then E[c(x,Pd ;δ ,Pr(a,b2))] ≥ E[c(x,Pd ;δ ,Pr(a,b1))]. That

is, when the mean of renewable energy is fixed, a larger

variance leads to a higher cost.

Proof: Given x,Pd and δ , c(x,Pd ;δ ,Pr) is convex in Pr.

In the proof, we write c(Pr) = c(x,Pd ;δ ,Pr) for simplicity.

Since c(Pr) is convex, we have, for any v,

c(aµr +b1v)− c(aµr) ≤ c′(aµr +b1v) · (b1v), (24)

c(aµr +b2v)− c(aµr +b1v) ≥ c′(aµr +b1v) · (b2 −b1)v. (25)

Since b2 > b1 > 0, (24) implies that

c′(aµr +b1v) · (b2 −b1)v ≥
b2 −b1

b1
[c(aµr +b1v)− c(aµr)].

Combined with (25), we have

c(aµr +b2v)−c(aµr +b1v)≥ b2 −b1

b1
[c(aµr +b1v)−c(aµr)],

which is equivalent to

c(aµr +b2v)− c(aµr) ≥
b2

b1
[c(aµr +b1v)− c(aµr)]. (26)

Changing v to Vr, and taking expectation on both sides,

we have

E(c(aµr +b2Vr))− c(aµr) ≥
b2

b1
[E(c(aµr +b1Vr))− c(aµr)].



The right-hand-side of the inequality is nonnegative since

E(c(aµr + b1Vr))− c(aµr) ≥ c(E(aµr + b1Vr))− c(aµr) = 0

by Jensen’s inequality. Therefore,

E(c(aµr +b2Vr))− c(aµr)

≥ b2

b1
[E(c(aµr +b1Vr))− c(aµr)]

≥ E(c(aµr +b1Vr))− c(aµr), (27)

which implies that E(c(aµr +b2Vr)) ≥ E(c(aµr +b1Vr)).

Proposition 5: If b2 > b1 > 0, then

max
x,Pd

E[W (x,Pd ;δ ,Pr(a,b2)] ≤ max
x,Pd

E[W (x,Pd ;δ ,Pr(a,b1)].

Proof: Given any x,Pd , Lemma 1 implies that

E[W (x,Pd ;δ ,Pr(a,b2)] ≤ E[W (x,Pd ;δ ,Pr(a,b1)]. Then the

result follows.

2) Size of the renewable energy farm: Now we consider

the effect of the size of the renewable energy farm (e.g.,

wind farm) on the social welfare. Let the random variable

R := µr +Vr ≥ 0 be the renewable energy generated by a unit

of farm capacity. Then if the farm has a size of s, then the

renewable energy Pr = s · (µr +Vr) = Pr(s,s).

Proposition 6: If s2 > s1 > 0, then

max
x,Pd

E[W (x,Pd ;δ ,Pr(s2,s2)] ≥ max
x,Pd

E[W (x,Pd ;δ ,Pr(s1,s1)].

Proof: Given any x,Pd and δ , the cost func-

tion (23) is non-increasing in Pr. Since s2R ≥ s1R,

we have c(x,δ ,Pd ;Pr(s2,s2)) ≤ c(x,Pd ;δ ,Pr(s1,s1)). So

E[W (x,Pd ;δ ,Pr(s2,s2))] ≥ E[W (x,Pd ;δ ,Pr(s1,s1))]. The re-

sult follows.

This proposition means that the social welfare increases with

the farm size, despite larger variance. Note that this result

is derived with the assumption that the cost of renewable

energy is 0.

The following result can be proved similarly.

Proposition 7: When b > 0 is fixed,

maxx,Pd
E[W (x,Pd ;δ ,Pr(a,b))] is a non-decreasing function

of a. That is, when the variance is fixed, the social welfare

is non-decreasing with the mean.

3) Effect of aggregating renewable energy from indepen-

dent farms: Consider n renewable energy farms. Farm j gen-

erates energy Pr, j := µr +Vr, j. Assume that Pr, j, j = 1, . . . ,n
are independent, and that Vr, j is zero-mean and satisfies

E(V 2
r, j) = σ2. Then, when n is large, the aggregate energy

Pr = ∑n
j=1 Pr, j approximately follows a Gaussian distribution

and can be written as Pr := nµr +
√

nWr where Wr ∼N(0,σ2).

Proposition 8: If n2 > n1 > 0, then

max
x,Pd

E[W (x,Pd ;δ ,n2µr +
√

n2Wr]

≥ max
x,Pd

E[W (x,Pd ;δ ,n1µr +
√

n1Wr]. (28)

Proof: By Prop. 6, we have

max
x,Pd

E[W (x,Pd ;δ ,n2µr +
√

n2Wr]

≥ max
x,Pd

E[W (x,Pd ;δ ,n1µr +(n1/n2)
√

n2Wr]. (29)
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Fig. 1: Target demand profiles of the users

Since n2 > n1, it follows that (n1/n2)
√

n2 ≤
√

n1. Then by

Prop. 5, we have

max
x,Pd

E[W (x,Pd ;δ ,n1µr +(n1/n2)
√

n2Wr]

≥ max
x,Pd

E[W (x,Pd ;δ ,n1µr +
√

n1Wr]. (30)

Combining the two inequalities completes the proof.

B. Real-time demand response

In this case, the consumption x depends on Pd

and the realization of Pr,δ . So, the cost function is

c(x(Pd ;Pr,δ ),Pd ;Pr,δ ).
Proposition 9: Given Pd ,δ , W̃ (Pd ;δ ,Pr) =

W (x(Pd ;Pr,δ ),Pd ;δ ,Pr) is concave in Pr.

Proof: W̃ (Pd ;δ ,Pr) is the optimal value of the convex

optimization problem (16). Also, Pr is in the constraint. So,

W̃ (Pd ;δ ,Pr) is concave in Pr [10].

Proposition 10: Similar to the case of day-

ahead planning, Prop. 5, 6, 7, and 8 all hold

after changing maxx,Pd
E[W (x,Pd ;δ ,Pr(·, ·))] to

maxPd
{E[W̃ (Pd ;δ ,Pr(·, ·))]− cd(Pd)}.

Proof: Similar to the last subsection, this is proved

using the fact that W̃ (Pd ;δ ,Pr)−cd(Pd) is concave and non-

decreasing in Pr.

VI. NUMERICAL EXAMPLES

The setup is as follows. Let T = 24, representing 24 hours.

The first time period is 8-9am, the second is 9-10am, and so

on. The utility function of user i is (3). That is, the further

his actual demand profile {xi(t)} deviates from his target

demand profile {yi(t)}, the less is his utility. In this model,

δi does not appear, so we let δi = 1,∀i. The only source of

uncertainty is the renewable energy {Pr(t)}. Fig. 1 shows the

target demand profiles of N = 4 users in our simulation. The

unit of energy is kWh.

Pr(t) is uniformly distributed between 0 and 2 · P̄r(t) >
0, so that its mean is E(Pr(t)) = P̄r(t). Also, Pr(t)’s are

independent across t. The values of (P̄r(t),∀t) are (2, 3, 4,

5, 5, 6, 6, 7, 6, 5, 4, 3, 2, 2, 3, 4, 4, 4, 4, 3, 3, 2, 2, 2).

For each time period, assume that the cost functions are

cd(P) = (P2 +P)/2, co(P) = P/2, and cb(P) = P2/2+5P.
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Fig. 2: Results of Algorithm 3

A. Without time correlation

In the case without time correlation, we impose no con-

straint on the total consumption of each user i. This can

model the scenario where users are willing to shed load

instead of shifting load. We run Algorithm 3 for each time

period. Fig. 2 (a) shows that the computed value of Pd(6),
the day-ahead energy of period 6, converges. For other

t’s, Pd(t)’s converges similarly. The expected social welfare

under the converged Pd(t) is given in Fig. 2 (b).

B. With time correlation

In this case, we impose the constraint that ∑t xi(t) =

∑i yi(t). That is, user i can shift his demand from one time

period to another, but his total consumption ∑t xi(t) needs to

be same as ∑i yi(t).
We run Algorithm 5 with approximations (21) and (22),

and obtain the consumptions of each user. Under one real-

ization of {Pr(t)}, Fig. 3 (a) shows the total target load (of

the 4 users), the total actual consumption, and the realization

of {Pr(t)}. We observe that

• The consumptions tend to follow the trend of target

demand profiles;

• but the users tend to consume more when there is more

renewable energy, and at the same time even out their

consumptions throughout the day.
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Fig. 3: Results of Algorithm 5

We compare the result with an idealized algorithm which

assumes that the realization of {Pr(t)} is known ahead of

time. The idealized algorithm is also allowed to choose

Pd(t)’s according to the realization. With the {Pr(t)} shown

in Fig. 3, we find that the idealized algorithm achieves a

total social welfare (summed over the 24 time periods) of

-2873.9; whereas Algorithm 5 achieves a total social welfare

of -2904.9. As expected, the idealized algorithm performs

better than Algorithm 5. However, the difference is small.

For further comparison, we increase the mean of renewable

energy to twice, three times, and four times of the previous

simulation (where we say that the magnitude of renewable

energy is 1). The welfare achieved by Algorithm 5 and

the idealized algorithm is shown in Fig. 3 (b). Note that

the average renewable energy is 15.36% of the total target

demand when the magnitude of renewable energy is 1, and

is 61.45% when the magnitude is 4. Algorithm 5 achieves

reasonable performance even when the magnitude is high.

VII. CONCLUSION

In this paper, we have studied multi-period energy pro-

curement and demand responses in the presence of uncertain

supply of renewable energy and uncertain demand. We have

provided decentralized algorithms with two-way communi-

cations for the load-serving entity and the users, in order to

achieve efficient use of the grid and maximize social welfare.



We have provided insight on the effect of clean, but variable

renewable energy on the social welfare.

In the future, we would like to give more detailed con-

siderations of the service requirements and properties of dif-

ferent appliances, and design more refined demand response

algorithms accordingly. Also, we are interested in extend our

model to the case with distributed renewable generations on

the user side, and investigate how that changes the structure

of energy procurement and demand response strategies.
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