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Abstract—We consider the problem of designing the distri-
bution rule used to share “welfare” (cost or revenue) among
individually strategic agents. There are many distribution rules
known to guarantee the existence of a (pure Nash) equilibrium
in this setting, e.g., the Shapley value and its weighted variants;
however a characterization of the space of distribution rules
that yield the existence of a Nash equilibrium is unknown. Our
work provides a step towards such a characterization. We prove
that when the welfare function is strictly submodular, a budget-
balanced distribution rule guarantees equilibrium existence for
all games (i.e., all possible sets of resources, agent action sets,
etc.) if and only if it is a weighted Shapley value.

I. I NTRODUCTION

How should the cost incurred (revenue generated) by a
set of self-interested agents be shared among them? This
fundamental question has led to a large literature in economics
over the last decades [24], [20], [28], [21], [19], and more
recently in computer science [8], [2], [5], [6], [16]. A classic
framework within which to study this question is that of cost
sharing games, in which there is a set of “agents” making
strategic choices of which “resources” to utilize. Each resource
generates a “welfare” (cost or revenue) depending on the setof
agents that choose the resource. The focus is on findingbudget-
balanceddistribution rules that provide “stable” and/or “fair”
allocations, which is traditionally formalized by the concept of
the core – the set of feasible distribution rules that guarantee
a stable grand coalition.

Recently, there is an emerging focus on weaker notions of
“stability” and, in particular, a (pure Nash) equilibrium for
the agents, which is our focus in this work. This focus is
driven by applications such as network-cost sharing [2], [6]
where individually strategic behavior is commonly assumed.
Additionally, the notion of an equilibrium is natural if cost
sharing distribution rules are used to design utilities fordis-
tributed agents in the context of a game-theoretic approachto
distributed control [16], [9].

Existing literature on cost sharing games provides several
distribution rules that guarantee equilibrium existence [24],
[23], [27], [26]. Perhaps, the most famous such distribution rule
is the Shapley value [24], which guarantees the existence ofa
Nash equilibrium in any game, and for certain classes of games
such as convex games, is always in the core. A generalization
of the Shapley value which exhibits the same properties is the
weighted Shapley value [23].

Although (weighted) Shapley value distribution rules guar-
antee equilibrium existence, this is only one of many desirable
properties. Perhaps the next most important property is that
these equilibria should be “efficient” in the sense of maximiz-
ing the social welfare. In order to provide the tools necessary
to optimize efficiency (and other properties) while still al-
ways ensuring equilibrium existence, researchers have recently
sought to provide characterizations of the class of distribution
rules that guarantee equilibrium existence. Providing such a
characterization is the goal of this paper.

The first step toward this goal is the work of Chen, Rough-
garden, & Valiant [6], who prove that the only budget-balanced
distribution rules that guarantee equilibrium existence in all
cost sharing games are weighted Shapley value distribution
rules. Following on [6], Marden & Wierman [17] provide
the parallel characterization in the context of revenue sharing
games. Though the characterizations in [6] and [17] seem
general, they actually provide only a worst-case characteriza-
tion. In particular, the proofs in [6], [17] consist of exhibiting
a specific “worst-case” welfare function which requires that
weighted Shapley value distribution rules be used. Thus, the
question of characterizing the space of distribution rulesfor any
specific welfare function remains open. In practice, it is exactly
this issue that is important: when designing a distributionrule,
one knows the specific welfare function for the situation. In
such a situation, there may be distribution rules other than
weighted Shapley value rules that also guarantee the existence
of an equilibrium. In particular, recent work has shown that
such settings do exist [16].

In this paper, we seek to provide a more detailed character-
ization of the space of distribution rules by understanding, for
specific welfare functions, what rules guarantee the existence
of a (pure Nash) equilibrium. In particular, our focus is on
the class of submodular welfare functions. Submodular welfare
functions are quite common and are found, for example, in
power control and coverage problems in sensor networks [4],
[16], wireless access point assignment and frequency selection
[11], and influence maximization [12].

Our main result (Theorem 2) states that, given any strictly
submodular welfare function, only weighted Shapley value
distribution rules guarantee equilibrium existence in allgames.
Thus, we show, perhaps surprisingly, that the result of [6]
holds much more generally. In particular, we show that it is
not the existence of some worst-case welfare function which
limits the design of “desirable” distribution rules to weighted
Shapley values. In fact, even under practical (submodular)
welfare functions, the design of distribution rules is constrained
to the weighted Shapley value. This characterization meansthat
in many practical settings, it is possible to optimize otherde-
sirable properties (such as the “efficiency” of the equilibrium)
within the class of weighted Shapley value distribution rules.

II. M ODEL

In this work, we consider a simple, but general, model of
a “welfare” (cost or revenue) sharing game, where there is a
set of self-interested agents/playersN = {1, . . . , n} who each
choose from a setR = {r1, . . . , rm}, the resources to which to
allocate themselves. Each agenti ∈ N is capable of selecting
potentially multiple resources inR; therefore, we say that agent
i has action setAi ⊆ 2R. The resulting action profile, or (joint)
allocation, is a tuplea = (a1, . . . , an) ∈ A where the set of
all possible allocations is denoted byA = A1 × . . .×An. We
occasionally denote an allocationa by (ai, a−i) where a−i

denotes the allocation of all agents except agenti.



Each allocation generates a welfare,W(a), which needs
to be shared completely among the agents, i.e., the allo-
cation is budget-balanced. In this work, we assumeW(a)
is (linearly) separableand scalable across resources, i.e.,
W(a) =

∑

r∈R vrW ({a}r) where{a}r = {i ∈ N : r ∈ ai}
is the set of agents that are allocated to resourcer in a,
vr ∈ R++ is the local scaling factor of resourcer, and
W : 2N → R is the welfare function that is scaled at each
resource. These are standard assumptions, e.g., see [6], [16],
and are quite general. Note that this model incorporates both
revenue and cost sharing games, since we allow for the welfare
functionW to be either positive or negative.

The manner in which the welfare is shared among the agents
determines the utility functionUi : A → R that agenti seeks
to maximize. Because the welfare function is assumed to be
separable and scalable, it is natural that the utility functions
should follow suit. The motivation for scalability is self-
evident. To motivate separability, note that this corresponds
to welfare garnered from each resource being distributed
among only the agents allocated to that resource, which is
most often appropriate, e.g., in profit sharing. This results in
Ui(a) =

∑

r∈ai
vrf (i, {a}r), where f : N × 2N → R is

the distribution rule, i.e.,f(i, S) is the fraction of the welfare
allocated to agenti ∈ S when sharing withS. Recall that
we requiref to be budget-balanced, which means that for any
player setS ⊆ N ,

∑

i∈S f(i, S) = W (S).
To summarize, we can specify a welfare sharing gameG

using the tupleG =
(

N,R, {Ai}i∈N , {vr}r∈R , f,W
)

, where
the design off is the focus of this paper.

The primary goals when designingf are to guarantee (i)
equilibrium existence, and (ii) equilibrium efficiency. Our focus
in this work is entirely on (i) and we consider pure Nash
equilibria; however it should be noted that other equilibrium
concepts are also of interest [25], [1], [13]. Recall that a(pure
Nash) equilibriumis an action profilea∗ ∈ A such that for
each playeri, Ui(a

∗
i , a

∗
−i) = maxai∈Ai

Ui(ai, a
∗
−i).

The Shapley value [24], one of the oldest and most com-
monly studied distribution rule in the cost sharing literature, is
defined as

f
SV (i, S) =

∑

T⊆S\{i}

(|T |)!(|S| − |T | − 1)!

|S|!
(W (S ∪{i})−W (S)).

The importance of the Shapley value is that it is budget-
balanced and guarantees equilibrium existence in any game,
regardless of its parameters. Further, it has many other desir-
able properties, e.g., it results in the game being a so-called
“potential game” [26]. However, it has one key drawback –
computing it is often intractable since it requires the calculation
of exponentially many marginal contributions [7].

There are generalizations of the Shapley value that maintain
its properties. In particular, the weighted Shapley value [23],
which is defined as (ω is the vector of the player-specific
weights)

f
WSV (i, S;ω) =

∑

T⊆S:i∈T

ωi
∑

j∈T
ωj





∑

R⊆T

(−1)|T |−|R|
W (R)



 ,

also guarantees equilibrium existence in any game.

III. R ESULTS AND DISCUSSION

In the previous section, we discussed examples of budget-
balanced distribution rules that guarantee equilibrium existence
in “welfare” (cost or revenue) sharing games. The goal of this
paper is to characterize the space of all such distribution rules.

Towards this end, this paper builds on the recent work
of Chen, Roughgarden, & Valiant [6] and Marden & Wier-
man [17], which takes the first steps toward providing such
a characterization. The following result combines the main
contributions of [6] and [17] into one statement. LetG(N, f)
denote the class of all games with a fixed player setN and
budget-balanced distribution rulef . Note that this is a very
general class; in particular, it includes games with arbitrary
action sets and an arbitrary welfare function.

Theorem 1 [6], [17] All games in G(N, f) possess a pure
Nash equilibrium if and only iff is a weighted Shapley value.

Less formally, Theorem 1 states that if one wants to use
a distribution rule that guarantees equilibrium existencefor
all possible welfare functions and for all possible action sets,
then one is limited to the class of weighted Shapley value
distribution rules. Though this result seems quite general, it is
shown by exhibiting a specific “worst-case” welfare function
for which this limitation holds. In reality, when designinga
distribution rule, oneknowsthe specific welfare function for
the situation, and Theorem 1 claims nothing in this case. In
particular, there may be other distribution rules that guarantee
equilibrium existence for all games, and recent work has shown
that there are settings where this is the case [16].

Our main result shows that even for a fixed strictly sub-
modular welfare function, the conclusion of Theorem 1 is still
valid, i.e., weighted Shapley distribution rules are the only ones
which guarantee equilibrium existence.

More specifically, letG(N, f,W ) denote the class of all
games with a fixed player setN , budget-balanced base distribu-
tion rule f , and welfare functionW . Note thatG(N, f,W ) (
G(N, f) because we have fixed the welfare functionW (though
arbitrary action sets are still allowed). We focus on welfare
functionsW that arestrictly submodular, i.e., for player sets
X,Y ⊆ N , W (X)+W (Y ) > W (X∪Y )+W (X∩Y ). A vari-
ety of problems such as power control and coverage problems
in sensor networks [4], [16], wireless access point assignment
and frequency selection [11], and influence maximization [12]
all have submodular welfare functions.

We can now state our main result.

Theorem 2 Let W be a strictly submodular welfare function.
All games inG(N, f,W ) possess a pure Nash equilibrium if
and only iff is a weighted Shapley value.

Though Theorem 2 and Theorem 1 are superficially very
similar, Theorem 2 is much stronger. The key contrast between
Theorems 1 and 2 is that Theorem 1 states that there exists
a welfare function for which the distribution rule is required
to be a weighted Shapley value in order to guarantee equilib-
rium existence, while Theorem 2 states that,for any strictly
submodular welfare function, the distribution rule must be a
weighted Shapley value to guarantee equilibrium existence. To
highlight this, consider that the proof of Theorem 1 exhibits
a welfare function, and shows the result for that specific case,
while the proof of Theorem 2 allows working with an arbitrary
strictly submodular welfare function.

One subtle implication of Theorem 2 is that if one hopes
to use a distribution rule that always guarantees equilibrium
existence in games with a strictly submodular welfare function,
then one is limited to working within the class of “potential
games”, since weighted Shapley value distribution rules result



in potential games [26]. This is, perhaps, surprising since
a priori potential games are often thought to be a small,
special case of games. However, this is useful since there
are many well understood learning dynamics which guarantee
convergence to equilibria in potential games [3], [14], [15].

Theorem 2 also has some negative implications. First, the
limitation to weighted Shapley value distribution rules means
that one is forced to use distribution rules which are often
intractable [7], as discussed earlier. Second, Marden & Wier-
man [17] show that there are efficiency limits that hold for
any weighted Shapley value distribution rule. In particular,
under any weighted Shapley value distribution rule there exists
a game where the best equilibrium has welfare that is a
multiplicative factor of two worse than the optimal welfare.

We do not have space to provide the complete proof of
Theorem 2, so we sketch an outline, highlighting the proof
technique and the key steps involved, in the following.

Proof Sketch of Theorem 2:

First, note that we only need to prove one direction since
it is well known that a weighted Shapley value distribution
rule is budget-balanced and guarantees equilibrium existence
in any resource allocation game [22], [10], [18]. Thus, in the
remainder of this section, we discuss the proof technique for
the other direction – for budget-balanced distribution rules that
are not weighted Shapley values, there exists a game for which
no equilibrium exists.

The general outline of the proof is as follows. We establish
several necessary conditions for a budget-balanced distribution
rule f that guarantees the existence of an equilibrium for all
games inG(N, f,W ). Effectively, these necessary conditions
eliminate any budget-balanced distribution rule that is not a
weighted Shapley value and hence give us our desired result.
We establish these conditions by a series of counterexamples
which amount to choosing a resource setR, the respective
values{vr}r∈R, and the associated action sets{Ai}i∈N .

A key technique of the proof is that instead of working with
W directly, we define a basis of simple welfare functions, and
representW using this basis, i.e., anyW is equivalent to a
linear combination of the basis welfare functions. The basis
we use is the following class ofT -welfare functions. For every
player subsetT ⊆ N , a T -welfare function is defined as:

WT (S) =

{

1, T ⊆ S;

0, otherwise.
(1)

It can be shown that the set of allT -welfare functions forms a
basis for the set of all welfare functions, i.e., given any welfare
function W , there exists a setT ⊆ 2N , and a sequenceQ =
{qT }T∈T

of non-zero weights indexed byT , such that:

W =
∑

T∈T

qTW
T

From here on, we denote a welfare function by(T , Q),
so the class of games defined in the theorem is denoted
as G(N, f, T , Q). It is useful to think of the sets inT as
being “coalitions” of players that contribute to the welfare
function, and the corresponding coefficients inQ as being their
respective contributions. Also, for simplicity, we assumethat
W (∅) = 0 and therefore,∅ /∈ T .

Warmup, a single T-welfare function:To build some in-
tuition, we first present the proof outline for an isolatedT -
welfare function, i.e., for aW where|T | = 1 above. This step
consists of establishing the following necessary conditions for
a budget-balancedf for any subsetS ⊆ N of players:
(a) If the coalitionT is not formed inS (T * S), thenf does

not allocate any utility to the players inS.
(b) If the coalitionT is formed inS (T ⊆ S), then f dis-

tributes the resulting welfare only among the contributing
players (players inT ). Therefore, players inS−T , if any,
get nothing.

(c) If the coalition T is formed in S (T ⊆ S), then f
distributes the welfare among players inT as if all other
players (players inS − T ) were absent.

It is easy to see that any budget-balancedf that satisfies the
above conditions is completely specified by|T | − 1 values,
namely the values off(i, T ) for any |T | − 1 players inT .
Further, it can be shown thatf(i, T )f(j, T ) ≥ 0 for all i, j ∈
T . The proof is complete by observing that such anf is indeed
a weighted Shapley value distribution rule, where the weight
of player i ∈ T is given byωi =

f(i,T )
qT

, and the weights of
the other players are arbitrary.

To provide an idea of the proof technique we use to establish
the above necessary conditions, in the following we prove (a).
Proof of (a): Formally, we need to prove that any budget-
balancedf that guarantees equilibrium existence in any game
G ∈ G(N, f, {T}, {qT }) satisfiesf(i, S) = 0 for all i ∈ S
whenT * S ⊆ N . We do so by induction on|S|. The base
case, where|S| = 1 is trivially true, because from budget
balance, we get that for any playeri ∈ N ,

f (i, {i}) =

{

qT , T = {i}

0 , otherwise

For the induction hypothesis, let us assume that(∀ S) (∀ i ∈
S) f(i, S) = 0, whereT * S ⊆ N and |S| = z, for some
integer z satisfying 0 < z < |N |. Now, for |S| = z + 1,
assume the contrary, thatf(i, S) 6= 0 for somei ∈ S, where
T * S ⊆ N and|S| = z+1. Sincef is budget-balanced, there
has to be at least one other playerj ∈ S that also satisfies
this condition, such thatf(i, S)f(j, S) < 0, that is, f(i, S)
and f(j, S) have opposite signs. Without loss of generality,
assume thatf(i, S) < 0 andf(j, S) > 0. From the induction
hypothesis, we know thatf(i, S − {j}) = f(j, S − {i}) = 0.

Fig. 1. Counter-example for (a)

Now consider the game illustrated in Fig. 1 with resource set
R = {r1, r2} and local resource coefficientsvr1 = vr2 > 0.
Playersi and j have the same action sets – they can each
choose eitherr1 or r2. All other players inS have a fixed
action – they choose both resources. This is essentially a game
between playersi and j. It is easy to see that none of the
four possible action profiles is a Nash equilibrium, which isa
contradiction. For example,(r1, r1) is not a Nash equilibrium
sincef(i, S−{j}) > f(i, S), and so playeri has an incentive
to deviate tor2. This completes the inductive argument.�



General welfare functions:We are now ready to outline
the sequence of necessary conditions that make up the core
of the proof for a general welfare function,(T , Q). Before
continuing, we need to introduce some more notation. For any
subsetS ⊆ N , we denote byT (S) the set of all sets inT
that are contained inS. That is,T (S) = {T ∈ T | T ⊆ S}.
In other words,T (S) is the set of contributing coalitions inS.
Also, let I(S) denote the set of players withinT (S), that is,
I(S) =

⋃

T (S). In other words,I(S) is the set of contributing
players inS.

The first three conditions mirror those stated above for an
isolatedT -welfare function – for any subsetS ⊆ N of players,
(a) If no coalition is formed inS (T (S) = ∅), then f does

not allocate any utility to the players inS.
(b) If any coalition is formed inS (T (S) 6= ∅), then f

distributes the welfare only among players inI(S).
(c) If any coalition is formed inS (T (S) 6= ∅), f distributes

the resulting welfare among players inI(S) as if all other
players (players inS − I(S)) were absent.

It turns out that in the general case, these three conditions
are not enough to complete the proof.

We next show that the conditions above imply thatf can
now be represented as a linear combination of basis weighted
Shapley value distribution rules – for every player subset
T ⊆ N , define a basisT -distribution rule

(

parameterized by a
positive vectorωT =

(

ωT
i

)

i∈T

)

as follows:

fT (i, S;ωT ) =

{

ωT

i∑
k∈T

ωT

k

, i ∈ T andT ⊆ S

0 , otherwise
(2)

It is easy to see that (2) is the weighted Shapley distribution
rule for its correspondingT -welfare function defined in (1),
where the player weights are given byωT . Formally, we show
that for any budget-balanced distribution rulef that guarantees
equilibrium existence in any gameG ∈ G(N, f, T , Q), there
exists a sequence of weight-vectorsΩ =

{

ω
T
}

T∈T
such that

f =
∑

T∈T

qT f
T (3)

where eachfT is a weighted Shapley value distribution rule for
its correspondingT -welfare function, with weight vectorωT .
Therefore,f is completely specified by a sequence of weight
vectorsΩ.

Note that this is not yet enough to guarantee equivalence
to a weighted Shapley value distribution rule, since a pair of
players can have “inconsistent” weights in different coalitions.
Thus, our final steps focus on deriving necessary consistency
conditions for the weight vectorΩ.

To guarantee consistency of the weights, we first show that
if there is a pair of players common to two coalitions, then
their weights in those two coalitions must be “consistent”,i.e.,
they should be linearly dependent. More formally, we show
that for every pair of subsetsT1, T2 ∈ T , every pair of players
(i, j) such that{i, j} ⊆ T1 ∩ T2,

ωT1

i

ωT2

i

=
ωT1

j

ωT2

j

Finally, we show that all weight vectors inΩ must be con-
sistent, i.e., there exists a global weight vectorω = (ωk)k∈N ,
such that, for everyT ∈ T , ω

T and ω restricted toT are

linearly dependent. Note that we use the fact that the welfare
function is strictly submodular only for proving this final step.

From the form (3) for the distribution rulef , and the form
(2) for the basisT -distribution rule, it is clear that scaling
the local weight vectors by a constant does not affect the
distribution rule. Therefore, it follows from our final result
that any budget-balanced distribution rulef that guarantees
the existence of an equilibrium in any gameG ∈ G(N, f,W ),
whereW is strictly submodular, is completely specified by a
global weight vectorω. The proof is complete by observing
that, at this stage,f , in the form (3), is exactly the weighted
Shapley value distribution rule for the welfare function(T , Q),
with weight vectorω. �
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